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Abstract 

It has been shown recently that information is lost in the Hawking radiation of the linear dila- 
ton black holes in various theories when applying the tunneling formulism without considering 
quantum gravity effects. In this Letter, we recalculate the emission probability by taking into ac- 
count of the log-area correction to the Bekenstein-Hawking entropy and the statistical correlation 
between quanta emitted. The crucial role of the black hole remnant on the entropy conservation 
is highlighted. We model the remnant as a higher dimensional linear dilaton vacuum in order to 
show that such a remnant model cannot radiate and its temperature would be zero. In addition to 
this, the entropy conservation in the higher dimensional linear dilaton black holes is also discussed. 
In summary, we show in detail that the information can also leak out from the linear dilaton black 
holes together with preserving unitarity in quantum mechanics. 
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I. INTRODUCTION 

Since the seminal works of Bekenstein [l| and Hawking it is known that a black hole 
(BH) behaves as a thermodynamic system, radiating as a black body with characteristic 
temperature and entropy. Today, the thermodynamic properties of BHs are well understood 
such that there are numerous independent derivations that all give the same quantitative 
results: Hawking temperature T# = ^- and Bekenstein-Hawking entropy Sbh — 4N wnere 
k is the surface gravity and is the horizon area of the BH. However, in today's physics 
Hawking's original derivation is considered only a skillful application of quantum field theory 
in curved spacetime. Although it is not directly connected to quantum gravity, nevertheless it 
has a strong impact on quantum-gravitational problems toward understandingthe statistical 
origin of the BH entropy, and its natural consequence - information concept [3] in the BHs. 
With the traditional picture of the Hawking radiation, which generates entangled pairs and 
the state of the outgoing quanta is a mixed (pure thermal radiation) when the BH completely 
evaporates, one encounters with two serious and simultaneous problems. One of them is the 
violation of the unitarity in quantum mechanics (QM), which does not allow any evolution 
process from a pure quantum state into a mixed state. The second is the information loss 
about the original quantum state that formed the black hole. The latter phenomenon is 
called "information loss paradox" |4|. In order to resolve this paradox, one finds many 
attempts in the literature, see for instance {5, Q] (and references therein). Among them, 
tunneling of emitted particles through the horizon is one of the popular methods. The 
speech-ripe idea of the method dates back to 1999 [7], but the nicest form was developed a 



1 and Wilczek's tunneling 
9], and it has been known 



decade ago by Parikh and Wilczek [8]. In a very short time, Parik: 
method has been used and improved further by other researchers 
as the tunnelingformulism. This formulism has recently been improved one level up by 
Chen and Shao 6] by considering the statistical correlations, which exist among the emitted 
quanta 10]. In [6], it has successfully been shown that emitted particles would leak out 
information from the BH. Results of [6[ do not only resolve the information loss paradox, 
but preserve total entropy conservation and the unitarity of QM as well. All those impressive 
results in jf}] have become possible with the inclusion of the quantum gravity corrections 
and the existence of BH remnant. 

Study jsj has given us a hope also to resolve the information loss problem in our recent 
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study ll|], which has explored the Hawking radiation of linear dilaton black holes (LDBHs) 



within the context of Maxwell, Yang-Mills and Born-Infeld theories. In [ll|, we have not 
considered the BH remnant with quantum corrections. Our calculations yield a pure ther- 
mal spectrum, which corresponds to the violation of the unitarity in QM and signals the 



information loss in the Haw 
In this Letter, following 



dng radiation of the LDBHs. 

6( as a guide, we calculate the correlation between successively 
emitted quanta from the LDBHs. The existence of the LDBH remnant in preserving entropy 
conservation will be much more important than the Schwarzschild case jfj]. In Section 2, 
we apply the tunneling formulism to the LDBHs in order to obtain the quantum gravity 
corrected BH entropy and the emission probability. Section 3 is devoted to the calculation of 
the correlation between two successively emitted quanta. In the following Section, complete 
radiation process is considered in which particles are successively emitted from the LDBH 
until reaching the remnant with an emphasis on the entropy conservation. Similarly, in 



Section 5, we consider the case of higher dimensional LDBHs [12J. First, we model the 
remnant as a higher dimensional linear dilaton vacuum and show, from the absence of 
reflection, that its temperature must be zero. Secondly, we reconsider the generic higher 
dimensional LDBHs and calculate the entropy of the pointlike remnant BH. We draw our 
conclusions in Section 6. 

Throughout the Letter, the units G = c=kB = h= l and the Planck length L p = 
= 1 are used. 



II. TUNNELING RATE WITH QUANTUM CORRECTIONS FOR 4D-LDBHS 

As it can be seen from [111 ]. 4D-LDBHs in Einstein-Maxwell-Dilaton (EMD), Einstein- 
Yang-Mills-Dilaton (EYMD) and Einstein- Yang-Mills-Born-Infeld-Dilaton (EYMBID) the- 
ories are described by the line element. 

ds 2 = -fdt\ + + R2d ^ (1) 
where is the LDBH time and dfl 2 , = d9 2 + sin 2 6d(j) 2 . Here, the metric functions are 
given by 



/ = Er(l - -±) and R = A^, 
r 
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(2) 



It is obvious that metric (1) represents a static non-rotating BH with a horizon at r+. The 
coefficients E and A in the metric functions take different values according to the concerned 
theory (EMD, EYMD or EYMBID) Furthermore, it is a non-asymptotically flat (NAF) 
spacetime. For r + ^ 0, the horizon hides the null singularity at r = 0. However, in the 
extreme case r + = 0, the central null singularity r = is marginally trapped in which it 
does not allow outgoing signals to reach external observers. Namely, even in the extreme 
case of r + = metric (1) maintains its black hole property 



By using the definition of quasi-local mass M [13J for our NAF metric (1), one can get a 
relationship between the horizon r + and the mass M as follows 

4M 



(3) 



+ EA 2 ' 

Since none of the curvature invariants of metric (1) are singular on the horizon r + , one 
would transform to a new coordinate system, which can be a non-singular at r + . For this 
purpose, we pass to Painleve-Gullstrand type coordinates 



ds 2 = -f{r)dt 2 + 2y/l - f{r)dtdr + dr 2 + R 2 dtt 2 , (4) 

with 

* = dt L + ^ l ~ S } r) dr, (5) 

where metric (4) has a number of advantages for such problems. Of course the cur- 
vature singularity at the origin r = is still present in both coordinate systems (1) and 
(4). Meanwhile, from the Schwarzschild problem it is known that in these coordinates the 
time t is linearly related to the proper time for a radially falling observer. Obviously, the 
hypersurfaces t = const, are all intrisically flat. 

In metric (4), the radial null geodesies of a test particle considered as a massless spherical 
shell have a rather simple form, 

r=^ = -VW(r)±l, (6) 

where the choice of signs depends on whether the rays are outgoing (+) or ingoing (— ). 
In Painleve-Gullstrand coordinates (4), the surface gravity on the horizon, which is the 
function of the BH mass M is one of the Christoffel components. 
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<M) = T° 00 = 1 -f(r + ), (7) 
Since the metric function / is zero on the horizon, it can be expanded around r + as 



f = f'(r + )(r-r + ) + 0(r-r + ) 2 , (8) 

By virtue of the 4L>-LDBHs the 0(r — r + ) 2 vanishes, and we have an exact expression. 
However, in the higher dimensional cases, which we consider in Section V, an expression 
around r + will be used. Therefore, near the horizon of the 4D-LDBH, the radial outgoing 
null geodesies can be expressed as 

r = ^ = i/V+)(r-r + ), (9) 

which is nothing but 



r = (r -r+)«(M), (10) 

Let us consider a spherically symmetric system whose total mass M is kept fixed. We 
assume that the system consists of a LDBH with varying mass M — u, emitting a spherical 
shell of mass u such that oj <C M. This phenomena is known as self-gravitation effect fl^ . 
After taking into account of such self-gravitation effects, f can be rewritten as 



r = (r -r+)/c(M -u), (11) 

In the WKB approximation, the tunneling rate for an outgoing positive energy particle, 
which crosses the horizon from Ti n to r out , is related to the imaginary part of the particle's 
action {g[ Q in accordance with 

r~ e - 2Im(7) , (12) 

Imaginary part of the particle's action is calculated from 

rr ut rT ut rPr 

Im(J) = Im / p r dr = Im / / dp r dr, (13) 

J ri n Jr in JO 

Using Hamilton's equation for the classical trajectory in the form 
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dp r = ^-, (14) 
r 

with H = M — uj i.e. dH = —du, and inserting r given by Eq. (10) into Eq. (13), one 
gets 

rr ut ru Jr. 

Im(/) = -Im/ / — — — dr, (15) 

1 ' Jr in Jo (r-r + )K(M-u) K } 

One can evaluate the integral over r by deforming a contour, where its semicircle centered 
at real axis pole r + . Thus we get 

ruJ j ~ 

Im(J) = — 7i / — f— , (16) 
1 ^ Jo «(M-w)' V ; 

The reason of the sign change in (15) is due to the fact that the horizon will shrink during 
the process of Hawking Radiation, r out < r in . In other words, the horizon tunnels inward as 
the BH's mass decreases. 

According to corrections of surface gravity, the quantum gravity surface gravity Q, Q 
is defined as 



k qg = k(M-uj), (17) 

and Eq. (16) becomes 

Im(/) = -7rf— , (18) 

Jo K QG 

Hawking temperature is still expressed in the form Th = ~§^-- By using the Hawking 
temperature in Eq. (18), we find 



1 r du 1 



I rS QG (M-w) 



Sout 



dS 

2 Js Q g(m) 

l -[S QG {M) - S QG (M - u )] (19) 
\^S QG . (20) 
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where Sqq is the corrected area entropy for BH. In string theory and loop quantum 
gravity 16j it is introduced with a logarithmic correction 



S Q6 = ^ + alnA h + 0(±-), (21) 

where a is a dimensionless constant. It takes different values according to which theory is 
considered. The other physical parameter Ah is the area of horizon Ah- For the 4D-LDBHs, 
A h = 4iTA 2 r + = 16vrf , and one easily reads the tunneling rate with quantum correction as 

T ~ e" 2Im « = e" A5 « G = (1 - exp (-4tt~) . (22) 



Here, (1 — jj) a is an additional factor compared with the previous tunneling rate in 11 ]. 
This expression comes from quantum gravitational effects on the energy of emitted particles 
and the mass of the LDBH. In other words, it is natively due to the effect of back reaction. 
As it will be seen in the following sections, it will play a great role on entropy conservation 
as well as on the information loss paradox. One may notice that the coefficient of power a 
herein is 1, as distinct from 2 appeared in the tunneling calculations of Schwarschild black 



hole, see for instance 



Q. 



III. STATISTICAL CORRELATION BETWEEN TWO SUCCESSIVE EMIS- 
SIONS 

According to quantum gravity effects and its consequence (21), contrary to the classical 



tunneling method employed in ll|, we cannot consider anymore the LDBHs as objects 
emitting only pure thermal radiation. From physical point of view, the deviation (21) from 
thermal spectrum is very important, and it may cause some therapeutic effects on the 



information loss appeared in the LDBHs 







In this section, we shall check whether or not 



the emission probabilities for two successive modes are statistically correlated [17j. Similar 



to the conclusion of non-trivial correlation obtained in [6|, we expect to find statistically 
dependent correlations between two successive emissions. By that way, we would like to 
open a gate in order to resolve the information paradox in the LDBHs. Throughout this 
section, we shall follow the method employed in [6]. 
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Firstly, we consider initially two successive emissions, with energies u)± and 002- Using Eq. 
(21), for the first emission of energy u\ we have 



rM = (l-^rexp(-47r^), (23) 
Then a second emission of energy ui2 on the condition that the first one u\ is 

r Mwi ) = (l- s ^-)»«p(-4,rf), (24) 



which is known as the conditional probability 10[ . Removing the condition on the second 
emission, we get 

rM = (l-^re X p(-4vr|), (25) 

which is the probability just for the second emission. The emission of the total energy 
yields 

T(ui + u 2 ) = (1 7^—) exp -4vr — - — , (26) 



M 



The statistical correlation between two successive emissions is measured by 18 j 



/ . r(wi + w 2 ) , 

^ + ^^ =h fRfR ' (27) 



which is calculated as 



x(wi+w 2 ;wi,w 2 ) = Q!ln(l- 7 — -). (28) 

First of all, it is evident that the correlation strictly depends on a . In the Schwarschild 
BH 6J], even in the case of a = 0, the correlation is non-zero. But, here once a = is 
set to zero the subsequent emissions become statistically independent, and thus information 
paradox might never be resolved. Essentially, in the absence of a the result (27) explains 
why we have not obtained any deviation from pure thermal spectrum in our recent study 



11] . However, the case a^O show that the successive emissions are statistically dependent, 
which means that there must be correlations between the successive emissions. In summary, 
Eq. (27) indicates that information should leak out from the LDBHs during their radiation. 
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IV. ENTROPY CONSERVATION AND BH REMNANT 



It is known that calculation of entropy carried by Hawking radiation is obtained best 
by considering the complete process of the BH evaporation. For this purpose, we consider 

the emission of n particles with energies Wi,o>2, ,w n , which are successively emitted from 

the LDBH. During the Hawking radiation, the BH loses its mass and automatically its 
entropy, that is its total entropy part by part is transferred to the emitted particles and 
their correlations. 



As shown in {fj|, at the end of the evaporation we should have only the BH remnant with 

energy u c such that u)\ + o> 2 , + oj n + u c = M. By using the derived formula of the total 

entropy carried out by radiation jg] 



i-1 



5=-ln[]r(M-^u i |w ! ) i (29) 

i=l j=l 

one obtains 



,S = ~ l,! J) ' S ) 0XP 



47T / , , 

__(M-o; c 



47T , ,M. 47T 

= M + aln(— )-— co c , (30) 

Here, in order to avoid divergence of the entropy the non-zero u c is of vital importance. 
So, we can infer that the quantum gravity corrected entropy is not valid for mini black holes. 
In the literature, there are many discussions about the remnant and its implication, see for 
instance Constitutively, one can now see that it is a natural result of the quantum 

gravity effects. Also the inclusion of quantum gravity effects is in accordance with the 
generalized uncertainty principle, which might cease the complete evaporation of the BH 



201 ] . Besides this, thinking of the remnant as a non-radiate object having an infinitesimal 



surface area would not be absurd. From this point of view, in the next section we shall 
consider the remnant as an extreme LDBH with pointlike horizon and almost zero mass. It 
will be shown that such a black hole cannot radiate and its temperature would vanish. 

Furthermore, the ettropy of the remnant oan be oa.on.ated by app.ying the Behenstems 
entropy bound [21]. To find it, we reconsider the entropy S carried out by radiation and 
then follow the following procedure 
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s 



An 



M + cdn( 



16?rM 

S ) - 
16ttui c I 

E 

16ttM n 



47T 



47T 

— M + aln( 
E S 



a ln( 



167RJ r 



47T 



+ a In A?,) — 



5, 



5c, 



167TO; c 47T 

«M— ) + 



(31) 



One can easily read the remnant's entropy as 



Sc = aln( 



lQirUr 



4tt 



(32) 



10} , our result 



From Eq. (30), one can also deduce the conservation of entropy. Clearly, the total entropy 
of a radiating LDBH Sqg is equal to the entropy of black hole remnant Sqplus the entropy 
carried out by radiation S. Being in conform with other recent studies js, 
shows that the exact spectrum of the Hawking radiation as a tunneling process is not a pure 
thermal spectrum. This impressive conclusion also implies that information is not lost, and 
unitarity in QM is restored during the Hawking radiation. 



V. QUANTUM CORRECTED ENTROPY OF THE REMNANT IN HIGHER DI- 
MENSIONAL LDBHS 



The generic line element for higher dimensional (N > 4) static spherically symmetric 
LDBHs in various theories can be best seen in 12j . In higher dimensions, the metric function 
/ of the LDBHs and the spherical line element are modified to 



r 



fin 2 



N-3i-l 

d0l+ E II sin 2 ^ d9 2 , 



(33) 



i=2j=l 

where < 9k < 7T with k = 1..N — 3, and < 6n-2 < 2-7T. The modified form of the 
physical constant £ in higher dimensions can also be seen in 121 ]. 

As we mentioned before, we would like to set forth the remnant as a higher dimensional 
LDBH with a pointlike horizon. So, the remnant can be thought as a spacetime with 
negligible mass. From this point forth, the metric of the remnant can be approximated to a 
linear dilaton vacuum metric as 
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ds 2 = -Y,rdt 2 + — — -\- R 2 dtt 2 N _ 2 , (34) 

One can find the statistical Hawking temperature [22j of this metric as a finite temper- 
ature with Tjj = g~ 2 ^ E. But this result is not persuasive since the remnant is massless, 
clearly a candidate for a non-radiating object, expecting therefore its temperature as zero 
will be more realistic. To this end, we proceed with a more precise evaluation of the tem- 
perature of the remnant from the study of wave scattering in such a spacetime. Metric (33) 
can be transformed into 



ds 2 = p 2 (-dr 2 + dx 2 + dQ 2 N _ 2 ) 



(35) 



by 



3 0X 



P 



iL 
e2" 



(36) 



where constant /3 = Ay/T, (for example, in 4D-EMD theory it is 1 12, l23[). Therefore 
metric (34) is conformal to the product of M 2 x Sjv-2 of a two-dimensional Minkowski 
space-time with the (N — 2)-sphere. The massless Klein-Gordon equation 



V 2 $ = 0, 



(37) 



with $ = p ^ can be reduced to 



' JV+2 ' 



~ P 



d T r d X x 



/3{N-2) 



-i 2 



- V 



N-2 



* = 0, 



(38) 



where V^_ 2 is the (N — 2)-dimensional Laplace-Beltrami operator with the eigenvalue 
—1(1 + N — 3) (24)]. The reduced Klein-Gordon equation can be rewritten in spherical 
harmonics with orbital quantum number / as 



vi*i + p 2 ^i = 0, 

where the effective mass p can be found as 



(39) 



'P(N-2Y 



+ 1(1 + N -3) 



(40) 
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In Eq. (38), V2 is the d'Alembertian operator on M2. When viewed from wave propa- 
gation aspect, the remnant (34) reduces to the propagation of eigenmodes of a free Klein- 
Gordon field in two dimensions with effective mass //. Conclusively, the remnant cannot 
radiate and therefore contrary to the calculated Tjj = ^~ 2 ^ S value, its Hawking tempera- 
ture should be zero. 

Finally, we want to find the quantum corrected entropy of the remnant of the LDBHs in 
an arbit rary dimension. For this reason, by using the surface area of the higher dimensional 
LDBHs [12 1 



16^^ 1 



M 



(jv-2)r. 



JV-1 1 



one can find the dimension dependent modified area entropy of the BHs as 



S 



NQG 



+ aha. 



l07T 2 



M 



(n — 2)r( 



JV-1- 



and read the dimension dependent quantum corrected tunneling rate 



T N ~ e 



-2Im(J) 



e -As NQG = n rexp 

v M' 



4"7T 2 



(jv-2)r( 



N-l- 



(41) 



(42) 



(43) 



We notice that, higher dimensions do not change the correlation between two successive 
emissions. That is to say, the correlation remains as in 4D case, see Eq. (27). If we proceed 

to extend the study to the emission of n particles with energies U\,U2, ,u) n , which are 

successively emitted from the higher dimensional LDBHs, a straightforward calculation will 
lead us to obtain the dimension dependent entropy carried out by radiation as follows 



S 



A N ~ 1 

Air 2 



N 



'N-l- 



(N-2)T( , , 
This can be rearranged in the form 



M , ,M 
— + aln(— ) 



A N ~ 1 

47T 2 



(iv-2)r(^) 



(44) 



Sn — Snqg — Snc, 
where the dimension dependent entropy of the remnant Snc is found to be 

A 

Air 2 



S 



NC 



a In 



l07T 2 



(jv-2)r(^i) s 



+ 



(jv-2)r(^i) 



(45) 



(46) 



12 



Eq. (44) is again the conservation of entropy in higher dimensional LDBHs. We conclude 
that even in the higher dimensional LDBHs information is not lost and the unitarity of QM 
remains intact. 

VI. SUMMARY 

Taking the tunneling formulism and quantum gravity corrected entropy into considera- 
tion, the radiation spectra of both AD and higher dimensional LDBHs are derived. Unlike 
our previous study [ll|, here the probability contains an overall factor with power a. As it 
is shown in this Letter, the role of the factor would be crucial in resolving the information 
paradox for the LDBHs. By using the tunneling rate with quantum correction, the corre- 
lation between successively emitted particles from both 4D and higher dimensional LDBHs 
is found to be statistically dependent. This nontrivial result proves that information should 
leak out from the LDBHs during their radiation. When we consider the complete process 
of the black hole evaporation, the conservation of entropy is obtained for LDBHs in all di- 
mensions and the importance of the black hole remnant proves to be decisive. Absence of 
the remnant causes entropy divergence, and it is obviously not preferable. Also it is shown 
that whenever the remnant is modeled as a spacetime with a pointlike horizon - almost 
zero mass - a higher dimensional linear dilaton vacuum metric can be used to describe it. 
Using the massless Klein-Gordon equation, it is shown that such a remnant cannot radiate, 
as expected, and its Hawking temperature would be zero. 

In conclusion, the radiation spectrum of the LDBHs deviates from thermal radiation 
whenever the quantum gravity corrections are taken into consideration. That is, our results 
are consistent with the unitarity, and show that the information is not lost in the process 
of Hawking radiation of the LDBHs. Finally, we hope to find charged higher dimensional 
LDBHs and extent our analysis to those as well. 
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